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Abstract—Various networking protocols currently used in
wireless networks disseminate much control information. In par-
ticular, the deterministic channel access protocol (called MCCA)
specified in the IEEE 802.11 standard sends information about
channel reservations. The standard proposes a novel approach to
reduce this overhead, which is based on dividing various pieces of
control information into several groups. When the content of some
group changes, the station sends a differential update related to
this group. However, a group management algorithm (GMA)—
which directly affects the performance of such an approach—is
not specified in the standard. Previous studies propose a simple
GMA which is based on the idea to use as low number of
groups as possible. However, when the content of groups changes
very fast, the overhead is high. In this paper, we propose and
study an enhanced GMA which manyfold reduces the overhead.
We develop an analytical model to evaluate the proposed GMA
performance and to find its optimal parameters. We also obtain
an explicit formula for the optimal parameters in the asymptotic
case. We show that such asymptotically optimal parameters,
which do not depend on traffic parameters, provide low overhead
in non-asymptotic case as well. Thus, the proposed GMA can be
easily implemented without any complex method for parameters
adjustment.1

I. INTRODUCTION

Many protocols currently used in wireless networks gen-
erate and disseminate much control information, consuming
a significant part of channel resources [1]. Instead, these
resources could be utilized for user data transmissions. There-
fore, an important task is to reduce such an overhead.

The simplest approach to disseminate control information
(called full dump) is to broadcast messages containing all the
information even if it is not changed. Such a redundancy makes
the full dump approach resistant to packet losses but leads to
high overhead. This approach is used in the proactive routing
protocol OLSR [2], where each station (STA) periodically
broadcasts information about all advertised links [3]. The
distributed MAC protocol for ad hoc networks based on
TDMA RR-ALOHA [4] uses a similar approach: every packet
contains the information about busy and free time slots.

Another popular approach is to send incremental messages
(also called differential updates) containing only changes of the
information since the last full dump message. Sending small
incremental messages instead of some full dumps significantly
reduces overhead. For example, such an approach is used in

1The research was done in IITP RAS and supported by the Russian Science
Foundation (agreement No 14-50-00150).

various routing protocols, e.g. DSDV [5], TBRPF [6], OSPF-
MDR [7] and PSR [8]. To refer to a particular piece of
information in an incremental message, STAs label various
pieces of information with unique identifiers (IDs). However,
when the total number of pieces of information is large, the
length of ID becomes very high. Eventually, in a dynamic
network with very frequent topology and traffic changes, this
significantly increases the amount of sent control information.

One of the ways to address this problem is to join various
pieces of information into a relatively small number of groups.
Then the STA sends information only about the changed
groups and includes the ID of the group (instead of the
IDs of each piece of information) in incremental messages.
In particular, such an approach is employed in the IEEE
802.11 standard [9]. The standard introduces a novel channel
access protocol called Mesh coordination function Controlled
Channel Access (MCCA), which allows STAs of a wireless
multihop network (Wi-Fi Mesh network) to reserve periodic
time intervals for data transmission [10]. A sequence of
periodic time intervals is called reservation. During reserved
time intervals, only two STAs can transmit data and acknowl-
edgements while their neighbors cannot transmit. To avoid
reservations overlapping, each STA shall broadcast control
information about reservations already established by this
STA and its neighbors. This procedure is called reservation
advertisement and it is described in details below.

According to the standard, all the reservations which STA
shall advertise are divided into several groups. Here group
is a certain subset of reservations (including empty subset).
Each reservation belongs to only one group. The total number
of groups is limited by parameter G (by default, G = 16).
Each STA periodically broadcasts a special management frame
called beacon. In each beacon, a STA includes a short message
called Advertisement Overview to notify neighboring STAs
about non-empty groups. This message contains the following
fields: (i) G-bit bitmap, in which bit i equals 0 if group i is
empty, and equals 1 otherwise; (ii) Sequence Number (SN),
which identifies the version of the bitmap.

When an empty group is filled (some reservations are put
into this group), the corresponding bit in the bitmap is changed
from 0 to 1, and the STA sends information about the content
of this group by including it in a beacon. If at least one
reservation is deleted from a group, the whole group shall be
cleared, the corresponding bit shall be changed from 1 to 0,
and the remaining reservations shall be moved to one or several
empty groups. If a STA needs to fill a group, but no bits in the
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bitmap can be changed from 0 to 1, the SN is increased, all
groups become empty, and all the reservations are divided into
groups from scratch. In this case, the STA sends information
about all the reservations, since all the groups are changed.

With the same SN, the content of the group cannot be
modified, i.e. the STA can fill the group and clear it only once.
So, with the same SN, each bit can be changed from 0 to 1
and then from 1 to 0 only once. This restriction is introduced
to avoid the ambiguity problem, which could be caused by
an unsuccessful transmission of the Advertisement Overview
message (for example, because of noise in the channel). Let us
consider an example. STA A has not received successfully an
Advertisement Overview message including information about
some cleared group. So, the STA A is waiting for the next
Advertisement Overview message. If the neighboring STA B
will fill this group with reservations without changing SN, the
STA A will not be able to determine whether this group is
changed or not, because for STA A the corresponding bit will
not change.

Neighboring STAs process received messages describing
reservations as follows. A STA compares the SN value and
the bitmap with the previously received ones. If only the
bitmap is changed, the STA (i) removes information about
reservations of the groups for which the corresponding bits
have been changed from 1 to 0, and (ii) adds information
about reservations of the groups for which the corresponding
bits have been changed from 0 to 1. Otherwise, if the SN
is changed, the STA (i) removes information about all the
reservations, previously received from the neighbor, and (ii)
adds information about reservations of all non-empty groups
indicated in the bitmap since the content of all groups is
changed. The STA can request the information about a certain
non-empty group from the neighbor by sending a special
management frame if this information has not been received.

Note that with the described above group-based approach,
the amount of advertised information (the number of reser-
vations put into beacons) significantly depends on how STAs
group reservations. However, the standard does not specify any
group management algorithm (GMA). In [11] the authors have
proposed a simple GMA which is based on the idea to use
as low number of groups as possible. The results show that
when the content of groups changes very fast, the proposed
GMA leads to huge overhead which is comparable with that
of the full dump approach. In this paper, we propose and
study an enhanced GMA, which tries to maintain a predefined
number K of groups containing reservations. When K is low,
the probability of closing at least one reservation from every
group is high, which leads to frequent full dumps. On the
contrary, when K is high, STA frequently changes SN and as
a result makes full dumps. In Section V, we will show that the
proper choice of K (and also the distribution of reservations
into these K groups) allows to significantly reduce the amount
of advertised information. For that, we develop an analytical
method for estimating the values of the GMA parameters
which provide the minimal amount of advertised information.
We also investigate the behaviour of the proposed GMA in
the asymptotic case and explicitly find the optimal parameter
K. We show that the proposed enhanced GMA significantly
outperforms the GMA proposed in [11].

The rest of the paper is organized as follows. In Section II,

SN
++

 0         1

0         1

Empty

FullBlocked

Fig. 1. Group life cycle.

we specify the proposed GMA. We carry out a preliminary
analysis of the proposed GMA in Section III. In Section IV, we
develop an analytical method to find the optimal values of the
GMA parameters. In Section V, we evaluate the performance
of the enhanced GMA and compare it with the GMA proposed
in [11]. Section VI concludes the paper.

II. GROUP MANAGEMENT ALGORITHM

To describe the proposed GMA, let us introduce some
notations. With a given SN, each group can be in one of the
following three states:

• Empty (E). The group has not contained reservations
under this SN yet. The corresponding bit in the bitmap
equals 0.

• Full (F). The group contains at least one reservation, and
the corresponding bit in the bitmap equals 1.

• Blocked (B). The group does not contain reservations (the
corresponding bit in the bitmap equals 0), but under the
same SN it previously contained reservations. Thus, no
reservations can be put in this group until the SN changes.

We consider the group states at the beginnings of the
beacon intervals. Fig. 1 shows how groups change their states
during the operation of any GMA. Consider a group in state
F. If one or several reservations in this group are closed, the
group changes its state to B and all remaining reservations
from this group are moved to one or several empty groups. In
the bitmap, the bit corresponding to this group changes from 1
to 0. After that, the group may change its state only when the
SN increases. When this occurs, the group (as well as other
groups) changes its state to E, and thus, reservations can be
put in it again. Note that the SN increases and reservations are
rearranged into groups in the same beacon interval. Thus, for
some groups the transitions from state B to state E and then
from state E to state F can occur in the same beacon interval.

We introduce the following variables:

1) gF is the number of groups in state F;
2) gE is the number of groups in state E;
3) r is the current number of reservations which are adver-

tised by STA;
4) n is the number of new reservations set up (at the STA

and its neighbors) in the previous beacon interval;
5) d is the number of reservations closed in the previous

beacon interval.

We propose a GMA, which tries to maintain K full groups.
When K = 1, the algorithm corresponds to the one proposed
in [11]. Let us describe in detail how the algorithm works at
the beginnings of each beacon interval.

If n = 0 and d = 0, all the groups do not change. Hence
the SN and the bitmap do not change. The STA does not
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send any new information about reservations, i.e., the amount
of advertised information equals 0. Otherwise, the proposed
GMA works as follows.

1) Groups in which at least one reservation is closed change
their states to B. Let b be the number of such groups
(b ≤ gF ). The new value of gF equals g′F = gF − b.

2) Let rb be the number of remaining reservations from the
blocked groups. If r̃ = rb + n = 0, no more actions are
done and the amount of advertised information equals 0.

3) Otherwise, if r̃ > 0, reservations shall be arranged into
empty groups in the following way.
a) If gE > 0, then several cases are possible.

i) If gF ≥ K, then r̃ reservations are arranged into
one empty group. So g′F = gF + 1, g′E = gE − 1.

ii) If gF < K, then r̃ reservations are arranged
uniformly into g̃ = min(K − gF , gE , r̃) empty
groups. After that, g′F = gF + g̃, g′E = gE − g̃.

b) If gE = 0 then the SN increases. All existing r reser-
vations (including established in the previous beacon
interval) are arranged into the first min(K, r) groups
uniformly. After that, g′F = min(K, r), g′E = G− g′F .

Note that gF does not always equal K. For example, when
in the previous beacon interval gF = K, gE > 0, d = 0
and n > 0, in order to minimize the amount of advertised
information the GMA arranges n reservations into one group
and hence g′F = K + 1. If gF = K, n = 0 and all the
reservations from one group are closed during the previous
beacon interval, the GMA does not change other groups and
the number of full groups gF becomes equal to g′F = K − 1.

III. PRELIMINARY ANALYSIS

To evaluate the performance of the proposed GMA, let us
consider the following scenario. As mentioned in Section I, a
STA advertises all the reservations established by the STA and
its neighbors. STAs establish reservations when new data flows
appear and close them when the corresponding data flows are
finished. Let the total number of new data flows appearing
at the considered STA and its neighbors in a beacon interval
have the Poisson distribution with mean value λ. The lifetime
of each data flow and the corresponding reservation has the
exponential distribution with rate parameter µ. We assume that
all new reservations are established at the end of the beacon
interval and therefore their lifetime starts to count down at
the beginning of the next beacon interval. Following the stan-
dard [9], we limit with threshold R the number of reservations
that each STA can track and advertise. We also assume that
beacons carrying information about reservations are delivered
to all neighboring STAs reliably, so this information is not
retransmitted.

In this paper, we estimate the amount of advertised in-
formation V as the average number of reservations informa-
tion about which is put into the beacon. As the size of an
Advertisement Overview message (SN and bitmap) is much
less than the size of a message describing one reservation, we
neglect regular transmissions of the Advertisement Overview
messages.

Fig. 2 shows the results obtained by simulation for different
K, µ, and λ values. In all experiments, we set R = 100

Fig. 2. The mean amount of advertised information (obtained via simulation)
vs. ρ = λ

µ
when (a) µ = 0.1, (b) µ = 0.01.

and G = 16. We can see that optimal K, i.e., the value that
minimizes the amount of advertised information, depends on
µ and λ. However, one can notice, that the optimal value
of K found in the area where λ → ∞ (which corresponds
to ρ = λ/µ → ∞) provides low amount of advertised
information for other values of λ. We will also confirm this
statement in Section V. Thus, it is worth to consider in detail
the area where λ → ∞. Let us say that in this area the STA
works in saturation.

IV. ANALYTICAL MODEL

In this Section, we develop an analytical model of the pro-
posed GMA. We consider a single STA working in saturation
and describe its state with the number gE of groups in state E.
We observe gE at discrete time moments corresponding to the
beginnings of beacon intervals. So, the time unit equals one
beacon interval.

The algorithm tries to maintain K full groups. Let us
consider more general class of GMAs than described in Sec-
tion II. The GMA arranges reservations according to the vector
~r = (r1, r2, ..., rK), where ri > 0 is the number of reservations

in group i. As the STA works in saturation,
K∑
i=1

ri = R. When

at least one reservation from group i is closed, the group
becomes blocked, and an empty group is filled with the same
number of reservations. In particular, for uniform distribution,
r1 = ... = rg′ = dRK e and rg′+1 = ... = rK = bRK c, where
g′ = R mod K. The model allows calculating the amount of
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advertised information V (~r, µ,K) for given ~r, µ and K, and
hence, for a given µ allows choosing the optimal ~r and K.

Since the lifetime of each reservation has exponential
distribution, the probability of closing a particular reservation
during a beacon interval equals 1− e−µ and does not depend
on the time during which the reservation already exists. As
lifetimes of various reservations are mutually independent
random variables, the probability of blocking a group con-
taining r reservations equals the probability of closing at
least one of its reservations and can be calculated as follows
pblock(r) = 1− e−µr.

Let β(x) = {β1, β2, ..., βx} be a subset with cardinality
x of the group indices set {1, 2, 3, ...,K}. The probability
of blocking the groups only with indices i ∈ β(x) equals
p̃block(β(x)) =

∏
i∈β(x)

pblock(ri)
∏

i/∈β(x)
(1 − pblock(ri)). Let

B(x) be the set of all such subsets. The probability p̂(x) of
blocking exactly x groups can be calculated as:

p̂(x) =
∑

β(x)∈B(x)

p̃block(β(x)). (1)

We model the stochastic process gE(t) with the discrete-
time Markov chain. The time moments t and t+ 1 correspond
to the beginnings of two consecutive beacon intervals. Let x
be the number of groups blocked during the beacon interval
[t, t + 1] and d be the number of reservations closed during
this beacon interval. Below we consider all the transitions from
state gE(t) to state gE(t+ 1).

1) If gE(t) > 0, then the following cases are possible.
a) With probability p̂(0), x = 0 and gE(t+ 1) = gE(t).
b) If 0 < x < gE(t), with probability p̂(x) the STA

transits to the state gE(t + 1) = gE(t) − x. Since we
consider the STA in saturation, x empty groups are
filled instead of the blocked ones.

c) If gE(t) ≤ x ≤ K,
∑

i∈β(x)
ri reservations are put

into gE(t) free groups somehow. Note that we do not
need to know the exact number of reservations in each
group after this transition. Actually, when at least one
reservation will be closed, SN will be increased and
reservations will be divided into groups from scratch
as described below in item 2b). So, the STA transits into
state gE(t + 1) = 0 with probability p̂(x). Therefore,
summing over all x values we calculate the transition

probability to state gE(t+ 1) = 0 as
K∑

x=gE(t)

p̂(x).

2) If gE(t) = 0, then the following two cases are possible.
a) With probability p̂(0) = 1− pblock(R), d = 0 and the

STA remains in state gE(t+ 1) = gE(t) = 0.
b) With probability pblock(R), d > 0 and the STA transits

to the state gE(t+ 1) = G−K. The SN increases and
all the reservations are put into the first K groups.

Using the found transition probabilities, we can find sta-
tionary probabilities πgE .

Now let us find the conditional mathematical expectations
E(V |x, gE) of the amount of advertised information when

x groups become blocked in the considered beacon interval
(for simplicity, we omit t in the following equations). For
gE > 0 and a given β(x), the amount of advertised information
equals

∑
i∈β(x)

ri, because empty groups are filled instead of the

blocked ones with the same number of reservations. So, the
corresponding conditional mathematical expectation equals:

E(V |x, gE > 0) =

 ∑
β(x)∈B(x)

p̃block(β(x))
∑
i∈β(x)

ri

 /p̂(x).

(2)

If in the previous beacon interval gE = 0 and at least
one reservation is closed, the SN increases and the STA sends
information about all the reservations, so the corresponding
mathematical expectation equals:

E(V |gE = 0) = pblock(R)R. (3)

Finally, the average amount of advertised information can
be expressed by the following equation:

V = π0E(V |gE = 0) +

G−K∑
gE=1

πgE

K∑
x=1

E(V |x, gE > 0)p̂(x).

(4)

For a given µ, by varying ~r and K in (4), we can find
the optimal parameter values, which minimize V . Note that
the exhaustive search of the optimal parameters has high
computational complexity. Let us consider a special asymptotic
case for which we can provide an explicit formula for the
optimal parameter K.

Theorem 1. For µ→ 0, ~r corresponding to uniform distribu-

tion and R > R∗ =
(
√
G−1)(G+1)

√
(G−1)(G+3))

4
√
G

, the optimal
K which minimizes the amount of advertised information V
equals:

Kopt =

{
G+1
2 , for odd G;

bG+1
2 c or d

G+1
2 e, for even G.

(5)

The proof of the Theorem 1 is provided in Appendix.

Despite the rather strict conditions in the theorem for-
mulation, it is of considerable practical importance. Indeed,
according to standard [9] G = 16 and R > 83. For G = 16,
R∗ = 53, so the inequality R > R∗ holds. Moreover, in
Section V, we show that Kopt chosen according to (5) also
provides a low overhead V for non-asymptotic case as well.
So, the GMA can be easily implemented without need for
complex parameter adjustment method.

V. NUMERICAL RESULTS

In this Section, we evaluate the performance of the de-
signed enhanced GMA and compare it with the simple GMA
proposed in [11]. In all the experiments, we consider the
scenario described in Section III. Unless otherwise stated, we
set R = 100, G = 16.
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Fig. 3. Comparison of GMA with general and uniform distribution, R = 100.

A. Saturated mode

Let us study the case when the STA works in saturation
(i.e., when the intensity of incoming data flows λ→∞), using
the developed analytical model.

In the first series of experiments (see Fig. 3), we compare
the GMA which arranges reservations into groups uniformly
with GMAs which arrange reservations according to any other
distribution ~r (general distribution). To obtain the red curve
(“general distribution”), for a given µ we calculate the minimal
amount of advertised information by varying ~r and K. For
the black one, we fix ~r (uniform distribution) and choose
the minimum over all K values. We can see that the curves
are almost coincide (slight difference is observed only for
µ > 10−1). So, we recommend the GMA which tries to
arrange reservations into K groups uniformly, as described
in Section II. In all the following sets of the experiments we
consider this GMA.

In the second series of experiments, we compare the
GMA which uses a fixed K regardless of µ with the GMA
which chooses optimal K by exhaustive search using (4).
Fig. 4 shows the relative difference between the amounts of
advertised information, provided by the GMA with constant K
and by the GMA with optimal K. We can distinguish 3 areas:
(i) µ ≤ µ(1)

thresh, where Kopt =
⌊
G+1
2

⌋
= 8 or

⌈
G+1
2

⌉
= 9; (ii)

µ
(1)
thresh < µ ≤ µ

(2)
thresh, where Kopt = 15; (iii) µ ≥ µ

(2)
thresh,

where the amount of advertised information is the same for all
K values. The analysis for various R (due to the lack of space
we do not present these results) shows that thresholds µ(1)

thresh

and µ(2)
thresh are inversely proportional to R. It can be seen that

for both R = 100 and R = 1000 the GMA with K = {8, 9}
provides the minimal overhead in the left area (µ→ 0), which
exactly matches the statement of Theorem 1. For other values
of µ these K values provide some positive relative difference
which does not exceed 10%. So, K = {8, 9} can be considered
as suboptimal K values regardless of the µ value.

B. Non-saturated mode

Now let us evaluate the performance of the enhanced GMA
when STA is not in saturation. We compare GMAs which use
optimal K found with different methods: (i) K = K ana
obtained with the analytical model assuming that λ → ∞
(using (4)); (ii) K = K opt obtained with simulation by
exhaustive search over all possible values; (iii) K = {8, 9}
obtained from Theorem 1; (iv) K = 1 which corresponds to

Fig. 4. Comparison of the GMA with fixed K regardless of µ with the
GMA which chooses optimal K with analytical model when: (a) R = 100,
(b) R = 1000.

Fig. 5. Comparison of the simple GMA and the enhanced GMA performance
when µ = {0.1, 0.01}

the simple algorithm from [11]. Since the analytical model
is developed only for saturated mode, the results presented in
this subsection are obtained with simulation. For simulation we
use an event-driven custom simulation program, written on C
programming language, and consider the scenario described in
Section III.

In the experiments, we vary µ over a wide range of values,
but, due to the lack of space, in Fig. 5 we present results only
for µ = {0.1, 0.01}. In particular, when µ = 0.01 the en-
hanced GMA provides three times lower amount of advertised
information than the simple GMA. Choosing K = K ana
provides the amount of advertised information very close to
that provided by K = K opt. Thus, the assumption that
the optimal K chosen in the area where the STA works in
saturation provides low amount of advertised information for
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other values of λ holds. Moreover, the difference between the
overhead provided by K = {8, 9} and by optimal K = Kopt

does not exceed 10%. So, finally, we recommend to use the
GMA which tries to arrange reservations into dG+1

2 e or bG+1
2 c

groups uniformly (the difference in advertised information
between these two values is very low). It is important to note,
that recommended K depends only on protocol parameter
G and can be set regardless of traffic parameters. Hence,
the proposed GMA can be easily implemented without any
complex method for parameters adjustment.

VI. CONCLUSION

In this paper, we have studied the problem of reducing the
amount of advertised information about channel reservations
in Wi-Fi Mesh networks. We have proposed and analyzed
the enhanced group management algorithm (GMA), which
significantly outperforms the GMA proposed in [11]. We have
developed an analytical model for performance evaluation and
estimating the optimal parameters values for the proposed
GMA. Also, we have obtained an explicit formula for the opti-
mal parameter values for an asymptotic case. The results show
that the enhanced GMA combined with the analytical method
of choosing parameter values allows reducing the amount of
advertised information up to 3 times in comparison to the
GMA proposed in [11]. Moreover, simulation results show that
the enhanced GMA with the optimal parameter (number of full
groups) found in the asymptotic case provides close to optimal
results for non-asymptotic case. The recommended number of
full groups depends only on the protocol parameter G (total
number of groups) and can be set regardless of traffic intensity.
Hence, the proposed GMA can be easily implemented without
need for complex parameters adjustment method. We believe
that the approach for sending control information, proposed in
IEEE 802.11 standard, which is combined with the developed
GMA, will be beneficial not only for MCCA, but for other
protocols which require control information dissemination,
e.g., routing protocols, channel access protocols, and so on.

APPENDIX

Proof of Theorem 1: Let us rewrite the transition proba-
bilities of Markov chain in o(µ) notation. Equation (1) for the
probability of closing exactly x groups transforms to:

p̂(x) =


1− µR+ o(µ) if x = 0;

µR+ o(µ) if x = 1;

o(µ) if x > 1.

By neglecting the transitions with probabilities of order o(µ),
we can obtain the following Markov chain. The STA transits
from state gE(t) to state (gE(t)−1) mod G with probability
Rµ or remains in state gE(t) with probability 1−Rµ. Since the
transition probabilities do not depend on gE(t), πgE = 1

G−K+1
for 0 ≤ gE ≤ G−K.

The distribution ~r corresponds to uniform distribution, i.e.,
the STA keeps g′ = R mod K groups with

⌈
R
K

⌉
reservations

and K − g′ groups with
⌊
R
K

⌋
reservations. Thus, according

to (2) and (3), E(V |gE = 0) = R · µR and E(V |gE >
0) = µ(

⌈
R
K

⌉
)2g′+µ(

⌊
R
K

⌋
)2(K − g′) = µ

K (R2 + g′(K − g′)).

So according to (4) the mean amount of advertised informa-
tion equals V (µ,K,R) = V1(µ,K,R) + V2(µ,K), where
V1(µ,K) = µR2G

(G−K+1)K , V2(µ,K) = µ(G−K)
K(G−K+1)g

′(K − g′).

With a given µ and R, function V1(µ,K,R) attains the only
minimum over the interval K ∈ [1, G] at K = G+1

2 . As K
can be only integer, to minimize V1(µ,K,R) we should choose
K = Kopt according to (5). Note that function V1(µ,K,R) is
symmetric with respect to K = G+1

2 .

Let us calculate the difference ∆V1(µ,R) between the
value of function V1(µ,K,R) at K = Kopt (for even G we
consider Kopt = G

2 ) and at K = Kopt − 1. It can be shown
that ∆V1(µ,R) ≥ 16µR2G

(G−1)(G+1)2(G+3) . Note that for a given µ,
if V2(µ,K) < ∆V1(µ,R) for all K, then function V (µ,K,R)
attains minimum at the same point (K = Kopt) as function
V1(µ,K,R) does. So, we have to prove that for R > R∗

max
K=1..G

V2(µ,K) < ∆V1(µ,R). (6)

For V2(µ,K) we can write the following inequalities:
V2(µ,K) < µ(G−K)

K(G−K+1) (K − 1)K = µF (K), where F (Y ) =
(G−Y )(Y−1)
G−Y+1 . Function F (Y ) attains maximum at Y ∗ = G +

1 −
√
G. So V2(µ,K) ≤ µF (Y ∗) = µ(

√
G − 1)2. Using

inequalities for ∆V1 and for V2, we obtain that (6) holds when

R > R∗ =
(
√
G−1)(G+1)

√
(G−1)(G+3))

4
√
G

.
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